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The asymptotic behavioar of the axisymmetric stress-strain state of a non-uniform plate, whose thickness h = ~r, where r is the 
distance from the cenm; of the plate and ~ is a small parameter, is investigated. 

The problem of  the theory of  elasticity for a non-uniform hollow cone was investigated in [1], and a special case 
when the aper ture  angle of  the median  surface of the cone equal  to rd2, which corresponds to a plate  of variable 
thickness, was ment ioned.  In this paper  we investigate a special form of a conical shell when its median surface 
degenerates  to a plane. Since this case of degenerat ion is a special one,  all the previous discussion in [1] has to be 
repeated.  

1. Consider  an ela:;tic body in a spherical system of  coordinates  with the following ranges of variat ion of the 
parameters  

r I ~< r ~< "2, n/2 - e ~< 0 ~< r~/2 + c, 0 ~< ~p ~< 2n 

In the axisymmetric case the equations of  equil ibrium have the form 

(Lie + E01LII + E2h~Li2)u = 0 (1.1) 

0[G(~uq, + euq,tg~q)] - 2Ge(~)u~ + ~.u~tge.rl)tgeq + ~2GA0uq, = 0 (1.2) 

where  u = ( u .  uo)T; U. UO, u~ are the components  of the displacement  vector, Llk are  matrix differential operators  
of  the form 

LJ° = e~(r + k )+  2eGO 0 1 ¢ ~ - ( 2 G 0 + 0 k ) e t g ~ q - r e  2 sec 2 ell 

II 2e~ k 0 + 0 G - ~ ( G + k ) t g ~ r l l l  I E O 
LIl= GO+Ok 2eG ' LI2= 0 G 

Ao=0~+20~-2, 0=~ 0f=p~ 0k 0rl '  0-'~-' K = 2 G + k  

rl = (0 - g/2)e, p -- t/re are new dimensionless variables, e = (02 - 01)/2 is a small pa ramete r  characterizing the 
thickness of  the plate,  and r0 = (rlr2) lt2, ~ • [-1, 1]. 

We will assume that  the Lain6 elasticity parameters  G = G(rl), k = k(q)  are arbitrary positive piecewise- 
continuous functions of  the variable 11. 

Suppose the  following boundary  conditions are given on the conical boundar ies  

~l~=+l = M'filn=+_ I = ~ ±  (p) (1.3) 

t~0~lq=±t = G(ep)-I (~u+ + gtgeqt%)l,l=±t = q~ (p) (1.4) 

Here  

i'/ = (O,o, Coo), In ± (h±(p),f~Cp)) 
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M = (£p)-I(MO + ea IMI )  

I G3 -£G 0 G 
M ° =  (K+;L)£  Ka -e~ . tg£q  Ml= ~. 0 

We will assume that the loads h - ( p ) , ] ~ ( p ) ,  q±(p)  are fairly smooth  functions. 
Relations (1.2) and (1.4) describe the problem of  the torsion of  a plate. It will be considered later. 

2. To construct non-homogeneous solutions of the equation of equilibrium (1.1) which satisfy the non- 
homogeneous boundary conditions on the conical surfaces of the plate we can use the methods proposed for a 
uniform plate in [2, 3]. However, this is not the only method for removing a load from conical surfaces. % construct 
non-homogeneous solutions we will use the first iterative process of the asymptotic method [4]. 

The solution .of problem (1.1), (1.3)will be sought in the form 

, ,  = ~-2(u,o + £n,t + ...), u 0 = E-3(,0o + £u01 + ...) (2.1) 

Substituting (2.1) into (1.1) and (1.3) we obtain a system, the successive integration of  which over 11 gives relations 
for the coefficients of  the expansion of  Ur and u0 

uoo = (Pl (P), U,.o = 11[(Pt (P) - P(Pi (P)] + (P2 (P) (2.2) 

Uol = (P3(p), U,.l = q[(p3 ( p ) -  p(p; (p) ]  + (p4 (p) 

where Yl = (qh, ~ )  and Y2 = ((I)3, cP4) axe the solutions of the first and second of the following equations, respectively 

By l = I I, By2 = I2 (2.3) 

Here 2 
B = o54B4 + ¢931B 3 + OIB 2 +OIB 1 +B 0 

0 0 gl 
B 4 = B 3 = 

g 2 - g l  0 ' 8 ( g 2 - g l )  

= 3gl 

B2 2 (Gt -G2)+12(g2  -g l ) -g  +2t~ 

o I 
go - gl 

- g o  
6(g~) - gl ) 

g - 2G I - 2g,  
Bt=  6(Gl_Gz)+3(t2_fi)+g 2 6(go-gl)+2(Gi-Gt))-q 

0 2G o [ 
B°=  0 4(G I - G  0 ) - g l  I 
Jj = (0;gf(p)),  i, = (ph(p);4ph- (p) + 2p(ph- (p))'), 

I 
h(p)=h+(p)-h-(P), gt= ~ 4GK-I(G+~')qkdq, 

-I 
Note that (2.3) is a system of Euler-type equations. 

3. We will construct homogeneous solutions. Put m ± = 0 in (1.3). By seeking solutions of problem (1.1), (1.3) 
in the form 

• + - 

. / ( p ) = f  ( p ) - . f  (p), 
i I 

G t. = ~ Gllkdq, t k = ~ 2G~.K-IqlZdll 
-I -I 

Iltp, q ) =  p:-)"~U1), ~ ( q )  = (a,b) 

we obtain the following non-self-conjugate eigenvalue problem 

(LIo + £ ( z - ~ ) ( L I I  -£LI2)+~:2(z-I//2)2LI2)w=O (3.1) 

(Mo+E(z.-I/2)MI)W=O for 11=+-I 

The homogeneous solutions corresponding to the first iterative process can be obtained from relations (2.1)-(2.3) 
ffwe put m e = 0 in them. We obtain 

(o) 
ur = ¢CP-t(2q + (2G0)-I(gl - 4 G t )  + 0(£2)) (3.2) 

uo(')) = Cp-'  [! + £2 I !  ~.~c-'xdx+(2Go)-'(4Gi-gt)rl-rl2)+O(e3)l 
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Here 

u~. I) = ~.B(q-e2~ 3/6+O(e3)) ,  U(o 0 : B(I-E2TI2/2+O(e3)) (3.3) 

U~.2)_13-1/2 ~ (2) ~ A .(2) AkU, .  k , U(0 2) = E-Ip -~2 (3.4) -- ~ k U O k  
k=l k=l  

u (2) [rl(zt0 - ~ ) [ 2 G i  +(zt0 +~) t l  +(zt0 +~)(2(G0 -Gi  )+(z20 - I/4)(gl - g 0 ) ) ] -  rk = 

- ( z ~ o  + - ~ ) [ ( z k o  - ½ ) ( 2 G t  - 2 G 2  - t~ + t 2 )  - ( z 2 0  - ¼ ) ( Z k o  - ~ ) ( ~  - g 2 ) ] -  

-2(Zk0 - I/2)G2 - (zt0 - I/2)2 t2 + O(J)}exp(zto In p) 

u0t(2) = {(zto +~)[(z2o- ~ ) ( g o - g l ) +  2(Gi -Go)]-(z to  + ~)tl - 2Gl +O(F-2)}exp(ztolnp) 

Zko satisfies the biquadratic equation 

16mz4o + 8(2n - re)z20 + (16q + m - 4n) = 0 

2 
m = g I -g0g2, n = 2G(~2 + 6goG2- 8giGi 

q = 16G~- 12GoG2-4GIg I 

and (7, B andAk are unknown constants. 
Solutions (3.2) and (3.3) correspond to the eigenvalues z0 (°) = -1/2 and Zo O) = 1/2. 
We will now consider the following iterative process. 
The solution of  problem (3.1) will be sought in the form 

a(3)('q) = e(a30 + ca31 + ...), b(3)(rl) : E(b30 + ~731 + .-.) 

zk = e-l(13to + Fl~k2 + ...) 

(3.5) 

Substituting (3.5) ilato (3.1) we obtain, after reduction 

kt~rk , k t ,  Ok 
k=l  k=l 

u~ ) = [P0[~k2V~ - 1'2Vt + O(E)]exp(E-I[~t0 lnp) 
(3.6) 

(3) -3 ,, , -I  , -I , -I  
u0t =[- [~tb(Po~t)  -213t0~k +[$t0(P2~t) +O(~)]exp(~ [3t01np) 

Po = ~¢(4G(G + ~.))-|, Pl = (2G) -I, P2 = ~.(4G(G + ~))-I 

Here Yk01) are the solutions of the generalized Papkovich eigenvalue problem for the non-homogeneous case 
[5, 61 . 

We will now analyse the stress-strain state corresponding to the different groups of  solutions. 
The stress state delined by solution (3.2) is equivalent to the principal force vector P directed along the axis of 

symmetry. The constzmt C is then related to P by the following relation 

P = 2~r~I~3C[6G2 + 2GIG 0 l (g l  - 4G I) + O(E)] (3.7) 

The principal stress vector in the section r = const for the remaining homogeneous solutions is zero. 
The stress state detined by solution (3.3) corresponds to the displacement of the plate as a solid. 
The stress state detined by (3.4) is equivalent to forces Tr and T, and bending moments Mr and M~, referred to 

the median plane of the plate. 
It can be seen from (3.6) that the first terms of the asymptotic expansions of the stresses and strains are identical 

with the boundary-layer type solutions for a non-uniform plate of constant thickness [5, 6]. 

4. We will consider the problem of the removal of stresses from the side surface of the plate. Suppose we are 
given the following stresses for p = Ps (s = 1, 2) 

O,-r = Os(q), OrO = "Is(q) (4.1) 

The functions os(rl), xs(rl ) are fairly smooth and satisfy the conditions of equilibrium. 
As was noted abow~, the non-self-balanced part of the stresses can be removed using the penetrating solution 

(3.2), where the relation between the constant C and the principal force vector P is given by (3.7). We will therefore 
assume below that P = 0. Then, using Lagrange's variational principle, we obtain the following infinite system of 
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~, mjkC k = Nj ( j =  1,2,...) (4.2) 
k=l 

2 1 
mj~. = Z exp(zj +zx.)lnp., J (Q,,u 0 +T~u0j)cose~d n 

s=l -I 

2 I 
Nj = E exp(zj +~)lnp.,  I (OAtd +X.Jtoj)cose~dq 

.~=1 -I 

(The notation is the same as in [1].) 
Using the fact that the parameter e characterizing the thickness of th e plate is small, we can construct asymptotic 

solutions of (4.2). The matrices of these systems are known from the theory of non-uniform plates of constant 
thickness [5, 6] and will therefore not be given here. Numerical versions of the different problems were investigated 
using them. The conditions for this system to be solvable are considered in [7]. 

5. We will now investigate the torsion problem. The solution of problem (1.2), (1.4) will be sought in the form 

tt9 = e-I(tlq~O + £1hpl + E2tl~2 + ...) (5.1) 

Substituting (5.1) into (1.2) and (1.4) we obtain relations for the coefficients of the expansion of u ,  

u ~  = g0(P), u~l = gt(P) (5.2) 

1 -2 : ~  ± Pq(P) ~ G - I  'q %2 =-'2"q goxl"'-'---'~O ~ -li Gdxdy+oq-(p)~o G-Idx+g2(P) 

Pq(p) (2Go - 3G 2 
A0g0 - O'-"'~' A0gl = 0, A0g 2 = 2Go2 ) pq(p) -  

Gt~ - ~ I G o  - I 

q(p) = q+(p ) -  q- (p) 

We will now consider the problem of constructing homogeneous solutions. Put q±(p) = 0 in (1.4). After separating 
the variables, by representing the solution in the form 

% (P,ll) = P=-~01)  

we obtain the following self-conjugate spectral problem for the function ~(q) 

L~ = (9/4- z 2 )u 
(5.3) 

L~ = {E-2G-10[G(~9 + e~tgeq)] - 2e-I(O~ + e~tgeq)tgeq; G(Ov + e~tgerl)ln=±l = 0} 

It can be proved that the operator L is serf-conjugate in Hilbert space L2(-1, 1) with weight G(q)cos eq. 
Putting q±(p) = 0 in (5.1) and (5.2) we obtain homogeneous solutions corresponding to the first iterative 

process 

lift ) = O p - 2 C O S £ q  (5.4) 

where D is an unknown constant. 
The eigenvalue z0 = -3/2 corresponds to this solution. 
Using the next iterative process we will seek the solution of problem (5.3) in the form 

"O k = l.}kO + E21)k2 + .... Z k = E-l(i~kO + E2t~k2 + ...) (5 .5 )  

Substituting (5.5) into (5.3) we obtain 
I I I I  ~ 2 

~7,o) -i p=O 

1 ~ik2 = "~+ I [2Ga)i0-(GaJk0)']~Jk0rldrl 
- I  

Here a)k0 are the solutions of the torsional problem for a non-uniform plate of constant thickness [ 5 ,  6 ]  
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- I  ~ , 2 - G  (Ga:k0)=SkOVkO, G~k0]±;=0 (5.6) 

Solution (5.4) defines the internal stress-strain state of the plate. The constant D is proportional to the torsional 
moments of the stresses acting in the section r = const 

M, = -6r~,~O f Gcos 3 erldq 
-i 

The stress state corresponding to the second group of solutions has the form of a boundary layer. 
Suppose we are given the following stresses on the side surface of the plate 

o,.~ = GJi~(q) for p = Ps (s = 1.2) (5.7) 

The non-self-balanced part of the stresses can be removed using the penetrating solution (5.4). We will assume 
that Mt = 0. By virtue of this assumption we have D = 0. 

We will represent the variables in the form 

.q, = ~ (Dkp -(zk+~) +EkpZk-~)V~Ol)~/~ 
k=l 

(5.8) 

Using (5.8) we obtain 

. 3 _ 3 

k=l 
(5.9) 

To satisfy boundary' conditions (5.7) we will expand the specified functionsfs(~) (s = 1, 2) in series in eigenfunctions 
of the eigenvalue problem (5.3) 

k = l  

I 
a~k = (L,•k) = I Gf,.(ll)Vk (ll)c°scrldq 

-I 
I 

(~k ,U, ) = ~St, , , II~kll 2 = I = I GaJ~('q)coseqdq 
-I 

Substituting (5.9) :rod (5.10) into (5.7) we obtain the following expression which enables us to find the constants 
Ek and Dk 

[ ( z k _ ~ ) p  k NE~ (zk +~)P-(Z~+~)D~llp=p.~ a.,t 

All the solutions obtained above are identical with the solutions for a uniform plate [2, 3] when G = const, 
7~ = const. 
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